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Factors Affecting Lift-Drag Ratios at Mach Numbers
from 5 to 20

T. P. GOEBEL;* J. J. MARTIN, f AND J. A. BOYD{
North American Aviation Inc., Los Angeles, Calif.

Yawed-cone working charts and an engineering method are presented and used to calculate
lift-drag ratios of flat-top conical wing-body arrangements at Mach numbers from 5 to 20.
Viscous interaction effects are considered, but bluntness effects are neglected. Correlations
of wind-tunnel data in the range 0.1 < [M^VGReLco)1'2] < 1.1 show that boundary layer displace-
ment corrections to surface pressure and skin friction are required to calculate lift-drag ratios
by this method whenever [Mco3/(Re.Loo)1/2] is greater than 0.2. Mm is the freestream Mach num-
ber and ReL<x> is the freestream Reynolds number based on body length. Double- and single-
type shock patterns, transition from one pattern to the other, and the variation of inner-shock
position with angle of attack are described. Lift-drag ratios are calculated at selected flight
design points for flat-top, conical body arrangements with triangular and hyperbolic wing
planforms. The hyperbolic wing arrangement offers a potential L/D benefit at Mach 5 but
not at Mach 10 or above.

Nomenclature

spherical coordinates with origin at the vertex of
the bow shock

velocity components in the R, &, 0 directions made
nondimensional by division by Vm

maximum speed obtainable by expansion into a
vacuum, fps

static pressure, psf
fluid density, slugs /ft3

static enthalpy, Btu/lb
dynamic viscosity, lb-sec/ft2

ratio of specific heats
angle of attack, deg
semi-cone angle, deg
cone shock wave angle, deg
body length, ft
wing semi-apex angle, deg
wing length, ft
Mach number
Reynolds number
roughness factor
transition factor
pressure coefficient
coefficient presented in Appendix C of Ref. 3 for

effect of wall temperature on viscous inter-
action

hypersonic viscous interaction parameter

R,w,4>

U,V,W

Vm

p
p
h
n
7
a
5C or T
0wc
LB
X
Lw
M
Re
RF
TF
Cp

C = constant in the secant temperature viscosity re-
lation ( W TJ^TW )

Ap, Bp, = coefficients in second-order expansion in a. for cone
Dp surface pressure

Aw = coefficient in first-order expansion in a. for circum-
ferential velocity near the surface of a cone

p,a?,u = pressure, speed of sound squared, and radial ve-
locity component for unyawed cone; tabulated
in Ref. 9

x, 2, = coefficients in first-order expansion tabulated in
(rj/p), Ref. 10

coefficients in second-order expansion tabulated
in Ref. 11

UQ, U2, W2,
po, p2, po,
P2
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yE = effective ratio of specific heats which gives the
correct density ratio across a real gas shock
when used in ideal gas equations

6 = parameter that specifies position on starting line
A* = bow shock stand-off distance
CF = mean skin-friction coefficient
CF = mean skin-friction coefficient neglecting boundary

layer displacement correction
V = body volume, ft3

Sw = planform area, ft2

qT = stagnation point convective heating rate, Btu/
ft2-sec

Introduction

AT air vehicle speeds appreciably below orbital velocity,
aerodynamic lift-to-drag-ratios are of primary interest

for range considerations. As vehicle speeds approach orbital
velocity, the aerodynamic lift-to-drag ratios are no longer of
interest for range considerations but remain of interest for
maneuvering and trajectory control. At and above orbital
velocity, thermal difficulties are encountered and have focused
attention on blunt configurations with relatively high wave
drag and relatively low lift-to-drag ratios.

Alien discussed the role of lift-drag ratios in hypersonic
vehicle design in his 1957 Wright Brothers Lecture.26 Brown
and McLean27 discussed maximum lift-drag ratios at low
supersonic Mach numbers. Moore and Cheng28 discussed
some of the representative features of hypersonic flow around
slender lifting configurations. Geiger29 reported lift and
drag measurements for a series of hypersonic glider configura-
tions. Fowell30 presented equations and trial computations
for analysis of lifting re-entry configurations by the method
of characteristics. Now in this paper, approximate tech-
niques are described which are useful in the design of rela-
tively slender configurations for high lift-to-drag ratios at
small angles of attack and at velocities appreciably below
orbital velocity but still high enough so that the linearized
supersonic small disturbance theory cannot be applied.

Correlation of Wind-Tunnel Data

This section summarizes calculations and correlations that
were made during the development of a digital computer
program to calculate lift-drag ratios of conical wing-body
combinations such as illustrated on Fig. 1. A pointed half-
cone of circular cross section is mounted below a flat triangu-
lar wing with sharp leading edge. Possible shock wave pat-
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Fig. 1

DOUBLE SHOCK PATTERN

SINGLE SHOCK PATTERN

REAR VIEW
Geometry of conical wing body configurations

terns that may occur underneath a configuration of this
type are sketched on the left-hand side of Fig. 1. Savin1

assumed the attached single shock pattern and restricted the
angle of attack and Mach number to small ranges where this
assumption is expected to be valid. One objective of the
present study is to develop a method for calculating lift-drag
ratios of conical configurations over a broad Mach number,
Reynolds number, and angle of attack spectrum. Both
the single and the double shock patterns are considered here.
Undersurface pressures are required at the points 0 to 4 as
shown on Fig. 1. The present method includes the reference
temperature, or reference enthalpy, technique,2 and a bound-
ary layer displacement correction3 for estimating mean skin
friction.

A simplifying assumption is made that the wing boundary
layer does not affect the type of shock pattern below the
wing-body combination. This assumption is checked by
comparison with one set of measured surface pressure data
at [Mm*/(ReLa>)112] = 0.344 and is considered to be a reason-
able assumption for viscous hypersonic interaction param-
eter values of [M^/(ReLm)1/2] < 1.1 with wall temperatures
approaching the adiabatic wall temperature, and (a'x) <
0.7 for arbitrary wall temperatures. Mm is the freestream
Mach number, ReLm is the Reynolds number based on free-
stream density and kinematic viscosity and on body length
or wing root chord, a' is the function of wall temperature
plotted on Fig. 16 of Ref. 3, and x is the most frequently used
form for the viscous interaction parameter and is defined by
Eq. (A20) in Appendix A.

The approximate procedure that has been used to obtain
the surface pressures below a conical wing-body combination
uses the inner shock position shown on Fig. 2. Since the
boundary layer effect on the inner shock position is neglected,
the inner shock position at zero angle of attack can be ob-
tained from cone flow tables and graphs, such as presented
in Refs. 9, 23, and 24, or can be read from Fig. 3. It is as-
sumed that the inner shock reaches the leading edge and
merges with the leading edge shock at the angle of attack for
wing shock detachment. This angle of attack for wing
shock detachment can be calculated from oblique shock re-
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Fig. 3 Cone flow shock wave angles

suits23 or read from Fig. 4. The initial slope of the inner
shock position vs angle of attack can be calculated by a
variety of approximate methods and a parabola fitted to a
point slope and point. A few trial computations, however,
indicate that this refinement is unnecessary and that the
curve of inner shock position vs angle of attack can be deter-
mined rather well from only the two points shown on Fig. 2.

A typical undersurface pressure distribution is shown on
Fig. 5 for the double shock pattern. The second-order,
yawed cone pressures are used within 45° meridian angle of
the fuselage bottom center line. These pressures are ob-
tained by inserting the Ap, Bp, and Dp coefficients from
Figs. 6-8 into Eq. (B9) of Appendix B. The zero yaw
cone pressure p can be obtained from Ref. 9, 23, or 24 or
read from Fig. 9. Two-dimensional oblique shock pressures
are used on the wing outboard of the inner shock. Between
the inner shock and the wing-fuselage juncture, the pressure
is assumed to be the average of the fuselage bottom center-
line pressure and the two-dimensional oblique shock pressure.
At angles of attack above that where the inner shock merges
with the outer shock, the undersurface wing pressures still are

1.400

12 16 20
ANGLE OF ATTACK « - DEGREES

24 28 32

Fig. 2 Inner shock position vs angle of attack Fig. 4 Angle of attack for shock detachment
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Fig. 5 Double shock-type pressure distribution

assumed to be the average of the fuselage bottom centerline
pressure and the two-dimensional oblique shock pressure.
This is the approximate procedure that has been used to ob-
tain the undersurface pressures required in the lift-drag ratio
calculation reported herein. Other procedures can be, and
often are, used with the equations outlined in Appendix A.

The five cases listed on Table 1 have been studied to check
the usefulness of the present method. Surface pressure data6

and force data7 are available for the first model, W4#i.§ Lift-
to-drag ratios have been observed by W. 0. Armstrong and
C. L. Ladson of the NASA Langley Research Center for
models A, B, and C. The surface pressure data can be used
to correlate the inner shock positions, and the force data can
be used to correlate normal force, axial force, lift, drag, and
lift-drag ratios. These correlations indicate that, at wind-
tunnel conditions, the boundary layer did have appreciable
effect on the surface pressures, but no consistent outward
displacement of the inner shock due to boundary layer was
apparent. These correlations indicate further that, when
[M~oo3/Cfitei<co)1/2] > 0.2, a boundary layer displacement cor-
rection of skin friction is required to compute the measured
lift-drag ratios. Some ̂  caution is required in interpreting
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the results on Table 1 because systematic^ errors are not re-
flected always in lift-drag ratios. This happens, for example,
when both the normal force and axial force are calculated
low and the lift-drag ratio is calculated as measured.

C. H. McLellan of the NASA Langley Research Center
has suggested a correlation of maximum lift-drag ratio vs a
parameter (V^^/Sw) for a fixed Mach number and for a
restricted range of Reynolds numbers, where V is the body
volume and Sw is the wing planform area. Figure 10 indi-
cates the usefulness of a (V2/3/Sw) correlation at Mach num-
ber 6.8 and shows, at the same time, the degree of success
achieved by the present scheme for calculating maximum lift-
drag ratios of conical wing-body arrangements A, B} and C
of Table 1. An interesting sidelight on this correlation is
provided by the trend of maximum L/D with increasing
(\/6wc} when the cone angle is held constant, where A is
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Fig. 6 Ap coefficient

§ These data are discussed in Ref. 25.
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Table 1 Summary of wind tunnel conditions

gcj
Model deg

W*Bi 12.5

A 5.0

B 7.5

C 5.0

C 5.0

x,
deg

25.0

18.0

18.8

12.5

12.5

M^

8.10

6.86

6.86

6.86

9.60

ReLoo

2.38 X 106

1.30 X 106

1.30 X 106

3.00 X 106

7.00 X 105

Ma,3

(ReLm)l/*
0.344

0.282

0.282

0.186

1.054

Lw
LB

1.000

1.000

1.000

1.254

1.254

•J72/3

Sw
0.187

0.101

0.153

0.124

0.124

Maximum
measured,

L/D
3.02

5.14

3.80

5.26

3.68

Maximum
calculated,

L/Da

2.8521

3.23L
4.85T
5.29L
4.041'
4.46L
5.36T7

6.30L
3.40L

a T — turbulent skin friction and L = laminar skin friction.

the wing semi-apex angle and BWc is the cone shock wave
angle. As A increases, the (Vzl*/Sw) parameter decreases.
According to the correlation of Fig. 10, maximum L/D should
increase with increasing (A/0prc). This trend is, in fact, ob-
served when the upper-surface streamwise wedge angle is
held constant as X is varied. Isolated exceptions to this
trend have been found by Armstrong and Ladson when the
upper-surface streamwise wedge angle increases with in-
creasing X.

Selection of Flight Conditions
The velocity region of interest is restricted so that at least

a third of the air vehicle weight is supported by aerodynamic
lift. The Mach number range from 5 to 20 and a semi-cone
angle of 5° have been selected to cover a hypersonic similarity
parameter range from M<J>e = 0.44 to Mmdc = 1.75 with con-
stant usable volume inside the body. As indicated in
Fig. 11, the altitude range at each Mach number has been
selected to bracket the altitudes that could be reached in an
equilibrium glide descent from orbit, or in constant altitude
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BLACK SYMBOL - CALCULATED DATA

0.04 0.08 0.12 0.16 0.20 0.24 0.28 0.32 0.36
y2>3/S|

Fig. 10 Untrimmed CL/D)max correlation

powered flight, for a design lift coefficient of 0.1 and wing
loadings from 5 to 100 psf. The wing semi-apex angles have
been selected at 1.1 to 1.3 times the zero angle of attack cone
shock wave angle at each combination of Mach number and
cone angle. The delta wing geometries are summarized on
Table 2. Except near the wing-body nose, a temperature of
1800°F has been selected as a reasonable working tempera-
ture for a radiation-cooled outer wall. The length of the wing
and the body is taken as 100 ft. The wing is a 2° sharp
leading edge, full blunt wedge. The bottom of the wing is
flat and lies in the fuselage reference plane. The fuselage is
a 5° pointed circular half-cone with its axis of symmetry in
the plane of the flat undersurface of the wing.

Altitude velocity conditions are shown in Fig. 11 as analy-
sis points. Relevant parameters are summarized on Tables
3 and 4. The ARDC 1959 standard atmosphere model has
been used in these computations, Transition factors TF
used in the computation of lift-drag ratios are listed on Table
4. A roughness factor RF of 1 is used for all analysis points.
Equations for calculating L/D values are outlined in Ap-
pendix A.

Table 2 Delta wing geometry

0 4 8 12 16 20 24
&i<-^ D E G R E E S

Fig. 9 Unyawed cone pressure coefficient

28

M

5

10

15

20

x/*,.
1.1
1.2
1.3
1.1
1.2
1.3
1.1
1.2
1.3
1.1
1.2
1.3

deg

13.50
14.74
16.00
8.52
9.30
10.06
7.70
8.41
9.11
6.88
7.52
8.13

ft"2'

2400
2636
2868
1500
1639
1770
1352
1480
1604
1208
1320
1430
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Table 3 Summary of flight conditions (5C = 5°; dw = 2°; L = 100 ft; Tw > 1800°F)

w
5

10

15

20

Altitude,
1000 ft

80
120
160
120
160
200
140
180
220
180
210
240

&*.
1.42 X 108

1.98 X 107

3.65 X 106

3.96 X 107

7.30 X 106

1.88 X 106

2.45 X 107

5.44 X 106

1.87 X 106

7.46 X 106

2.92 X 106

2.18 X 106

HAW
Btu/lb

511
590
665

2037
2296
2026
4767
4901
3946
8621
7360
6105

hw

1.000
0.968
0.863
0.283
0.250
0.284
0.120
0.117
0.146
0.067
0.078
0.094

MJ*
(ReLcoY1*
0.011
0.027
0.066
0.159
0.370
0.729
0.680
1.444
2.465
2.930
4.681
5.420

#00

0.008
0.022
0.051
0.123
0.284
0.565
0.531
1.130
1.881
2.292
3.603
4.086

a'x

0.006
0.013
0.026
0.026
0.051
0.119
0.074
0.158
0.282
0.280
0.450
0.531

'CF

1.009
1.020
1.039
1.039
1.077
1.179
1.111
1.237
1.421
1.418
1.666
1.782

Table 4 Summary of flight conditions (5C = 5°; dw = 2°; L = 100 ft; Tw > 1800°F)

Altitude,
M 1000 ft

5 80
120
160

10 120
160
200

15 140
180
220

20 180
210
240

ReLa>
1.42 X 108

1.98 X 107

3.65 X 106

3.96 X 107

7.30 X 10s

1.88 X 106

2.45 X 107

5.44 X 106

1.87 X 105

7.46 X 106

2.92 X 106

2.18 X 106

TF
(estimated)

1.000
1.000
0.965
1.000
0.990
0.840
1.000
0.985
0.840
0.990
0.910
0.870

Dynamic
pressure,

psf

1018
172
37

689
149
33

700
162
32

288
88
23

qT for
1-ft nose
radius,

Btu/ft2-sec

23
11
6

86
46
20

213
106
39

252
122
53

^equil
1 ft aft

of leading
edge, °F

1050
800
610

1550
1150
700

1780
1240
770

1470
1080
740

M oo =20

0 2 4

Fig. 11 Altitude velocity region of interest
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DATA POINTS

ESTIMATE FOR
IO<Moo<20
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106 IOT

Boundary Layer Transition

Recently published observations of boundary layer transi-
tion are summarized on Table 5 and Fig. 12. Experimental
evidence can be found for moderate boundary layer stabiliza-
tion by cooling at low supersonic Mach numbers and at
Reynolds numbers between 106 and 107. Transition Reynolds
number estimates are shown on Fig. 12 for the conical^flat-
top configurations considered in this study. The approxi-
mate range of enthalpy ratios resulting from the assumed
wall temperature of 1800°F are indicated on Fig. 12 for Mach
numbers 5 and 20. Very few transition observations have
been reported at the small enthalpy ratios of interest as Mach
numbers approach 20.

Table 5 Transition data shown on Fig. 12

Symbol M Body type Facility Reference

Fig. 12 Estimated transition Reynolds number

d
3
0
A
A

B,.cf

0

0

1.97
2.81
3.84
3.12
3.1

3.8
3.6to3.9

5.15

5.3

5° cone
5° cone
5° cone

5° cone-cylinder
5° cone

6.25° cone
10° cone-cylinder

7.5° cone

ogive-cylinder

wind tunnel
wind tunnel
wind tunnel
wind tunnel
free-flight

ballistic
model

wind tunnel
free-flight

rocket
model

free-flight
rocket
model

free-flight
ballistic
model

32
32
32
33
34

35
35

36

37
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M=5.0 "-,
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Fig. 13 Untrimmed maximum L/D vs altitude

Lift-to-Drag Ratios at Flight Conditions

The variations of maximum design L/D with design alti-
tude for delta wing combinations of (\/Owc) = 1.3 are shown
as solid curves on Fig. 13. Maximum L/D decreases with
increasing design altitude and design Mach number. As
indicated on Table 2, the wing area decreases and the body
volume remains constant as the Mach number increases at a
constant value of (\/dWc)- Corresponding values of angle of
attack, lift coefficient, and drag coefficient at maximum
L/D are shown on Fig. 14.

Maximum L/D values were calculated for the triangular
wing arrangement with (A/0jrc) = 1.1 and 1.3. At Mach 5
and 160,000-ft altitude, L/D maximum increased by 4.0%
as (\/0we) increased from 1.1 to 1.3. At Mach 20 and
160,000-ft altitude, L/D maximum increased by 4.4% as
(\/6Wc) increased from 1.1 to 1.3. The present method gives
increasing maximum L/D with increasing (\/6wc)- Of the
class of configurations shown on Fig. 1, and with volume con-
straints removed, the maximum L/D is achieved with a thin
wing alone.

One possible arrangement of a conical body and a hyper-
bolic wing is sketched on Fig. 15. In laying out a configura-
tion of this type, it is important to adjust the wing geometry,
which is set by the body shock, for the displacement effect
of the boundary layer on the body. Detailed fuselage con-
touring requires some care because vortex shedding from the
sides of the fuselage can cause troublesome complications.
Potential maximum L/D values have been computed by a
simplified procedure and are shown as dashed lines on Fig.
13. A gain in maximum L/D is indicated at Mach 5 by
appropriate arrangements of hyperbolic wings and under-
slung conical bodies.

Requirements for Including Bluntness Effects

So far, no adjustments for bluntness effects have been
made to the estimated flow fields or to lift-to-drag ratios.
One approximate method that sometimes has been used to
estimate pressures on blunted slender bodies is to add tangent
cone pressures to hemisphere-cylinder, blunt-nose, carry-
over pressures. Test data22 show that this approximate
method will not work at hypersonic speeds for a 5° cone be-
cause it does not predict the overexpansion. Starting with
zero cone angle, that is, with a hemisphere cylinder, one can
visualize what happens as the cone angle is increased. Within
a low density entropy layer, an increase in cone angle pro-
duces almost no increase in pressure. The cone angle does
not have to be increased very much before a region of over-
expansion is apparent immediately downstream of the hemi-
sphere nose. Farther downstream, as the high density
shock layer approaches the surface, an increase in pressure
is observed.

One of the more satisfying analyses of bluntness effects
to be published within recent years is Ref. 21 by Cheng.
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M = 20

.0281

.024
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.016
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.012

.008

.004

0 L

-.08r
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-.04- JVL=IO-

). 4 8 12 16 20 24
ALTITUDE<~ 10,000 FT

Fig. 14 CL-> CD, and a. at maximum L/D

He considers that, far downstream of a blunt nose, an ap-
propriate flow model is composed of three layers: 1) an
outer, high-density shock layer; 2) an inter, low-density,
high-temperature entropy layer; and 3) an inner, low-
velocity boundary layer. A region of overexpansion is found
when a 5° cone is blunted with a hemisphere. This is indi-
cated by Cheng's theoretical analysis and verified by meas-
urements.22 Figure 6a of Cheng's paper21 shows the effects
of nose drag coefficient and of ratio of specific heats on the
position of the outer edge of the entropy layer.

The region of overexpansion extends for 40 to 80 nose radii
downstream of the nose for the basic 5° cone used in the
present study. Unless a nose can be designed of radius appre-
ciably less than 1 ft, this region of overexpansion will include
a significant portion of a 100-ft wing length.

The lifting effectiveness of the wing is reduced if the entire
wing is within a low dynamic pressure entropy layer. Simi-
larly, if the entire wing is within the high dynamic pressure
shock layer, the lifting effectiveness of the wing is increased.
When the wing surface includes both the high-density shock
layer and the low-density entropy layer, it is not immediately
obvious whether a small amount of blunting will cause an in-
crease or a decrease in lift-drag ratio. A small amount of
blunting may cause the inner shock, which is shown on Fig. 1,
to disappear entirely.

A flow structure must be assumed before a flow field analysis
can be carried out. One approach is to adapt the three-layer
model21 to a blunted configuration of the type shown on Fig.
1. A second approach is to estimate a boundary layer dis-
placement thickness and to use the method of Appendix C,
or one of the alternate methods mentioned in Appendix C, to
start a three-dimensional, method-of-characteristics com-
putation of the downstream inviscid flow. In either case,
the inner shock shown on Fig. 1 may reappear in the flow far

TOP VIEW
REAR VIEW

SIDE VIEW
Fig. 15 Geometry of hyperbolic-wing configuration
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downstream of the nose. Fowell30 has mentioned some of the
difficulties that are encountered in a three-dimensional,
method-of-characteristics computation.

Limitations of Local Boundary Layer Similarity

Whenever the longitudinal or transverse pressure gradients
change appreciably within several boundary layer thick-
nesses, results that have been obtained by assuming similar
velocity profiles within the boundary layer are always sub-
ject to question. Within such areas, for example, as near the
intersection of the inner shock and the wing surface and im-
mediately downstream of a blunt nose, the local boundary
layer characteristics are expected to differ from those that
would be calculated by assuming local boundary layer
similarity. The mean skin friction on a slender configura-
tion, however, probably still is given to sufficient accuracy
by a similarity analysis, such as used by Cheng.21

Suggestions for Further Study

Among the physical phenomena that affect lift-to-drag
ratios at Mach numbers from 5 to 20 and that require more
careful evaluation are 1) boundary layer transition, 2)
boundary layer displacement of the inviscid flow, and 3)
wing-body pressure and vortex field interactions.

Appendix A: Lift-Drag Ratios

'Simplified equations are presented for the lift-drag ratios
of flat-top, conical wing-body configurations. The surface
pressure coefficients are assumed given at the five positions
numbered underneath the configuration on Fig. 1. The
equations are restricted by taking the wing length Lw equal
to the body length LB. The equations have been adapted
from a Fortran program that is essentially an extension of a
method outlined by Savin1 and allows a more detailed pres-
sure distribution to be used. Savin's method1 allowed
pressure information to be used at the fuselage bottom center-
line, at the wing-body juncture, and at the wing leading edge.
The present equations provide a better interpolation capa-
bility by allowing pressure information to be used at one
additional location on the body and one additional location
on the wing.

Customary laminar and turbulent flat-plate skin-frictiori
equations are used to calculate the mean skin friction.
Effects of Mach number and average wall temperature are
approximated by use of a Reynolds number based on an
intermediate reference temperature T* as suggested in Ref.
2. An appropriate reference chord is used to establish the
average skin friction of a triangular wing and is based on
calculations presented in Appendix D of Ref. 3. A correction
for the effect of boundary layer displacement on the mean
skin friction is included and has been adapted from Appendix
C of Ref. 3. The effect of average wall temperature on
boundary layer displacement thickness is approximated by an
a' coefficient presented by Bertram3 and based on the strong
interaction analysis of Li and Nagamatsu4 for hypersonic
viscous flow on a noninsulated flat plate. This correction,
which is applicable to a laminar boundary layer on a delta
wing, is applied to the skin friction of the entire configura-
tion regardless of the condition of the boundary layer. A
control Reynolds number is based on freestream velocity
and kinematic viscosity and on either body length or wing
root chord. A transition factor TF is used to locate the
mean skin friction between the laminar and turbulent levels.
An additional roughness factor RF is used to increase the
skin friction of turbulent boundary layers due to surface
roughness. At an angle of attack near zero, the pressures
around a wing-body combination are averaged to give a
representative pressure level p8. A mean skin friction is
calculated at this pressure level for the corresponding T8 and

MS. As the configuration is pitched to angle of attack, the
increase in skin friction on one surface is assumed to be com-
pensated by a decrease in skin friction on the other surface.
The axial force due to skin friction is, therefore, independent
of angle of attack, and the method is restricted to angles of
attack less than about 10°.

The effect of base pressure on axial force coefficient is
neglected. This is equivalent to setting the base pressure
equal to the freestream static pressure.

Equations (A1-A5) give the normal and axial force coeffi-
cients based on wing planform area and freestream dynamic
pressure. Equations (A6-A22) give the skin friction coeffi-
cient based on wetted area and freestream dynamic pressure.
Equation (A23) gives the lift-drag ratio:

- tanac

tanX
1

" Cps) J

(ACW), (Al)

2[Qr/2) -_ [(7r/2) (A2)

CAB ~ tanX

"* (A3)

^AW == '— \^^NW)i$ ijano^ " i

2

tanflA
tanX 7 (A4)

X

TAW/T8 =

|27co/(7co-D

-1^ (A5)

(A6)
(A7)

r = 0.85 (laminar)
r = 0.89 (turbulent)

T*/Ta = {0.28 + [0.22 + 0.50(2V/!ZW)] X

-[< 3/2

(A8)

S = 198°R (A9)
Ta) (A10)

Re* = ReL<x>(P^/Pm)(M8/Mm)(T8/T^(^/^) (All)

Cp* = 1.328/(0.5625 #e*)1/2 laminar wing (A12)

CF* = 0.455/[log10(0.5905#e*)]2-584 turbulent wing (A13)

CF* = 1.533/(#e*)1/2 laminar cone (A14)

CF* = 0.469/[logio#e*]2-584 turbulent cone (A15)

ny(Ti/TJ (A16)

) laminar + TF [RF (C F & ) turbulent ~ (C F n} laminar]

(A17)
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Tw/T. = (TW/TAW)(TAW/TS)(TS/TJ (A18)

^ ==s I 7 7 ^ / m \ i / r t xrrr \ I TfT I (A19)

c»)1/2 (A20)

• Tfr (a'x)*] (a'x) < 1 (A21)
o>. = u-,. (7)(a'*)1/2 (a7*) > 1 (A22)

L_ _ (CNW + CNB) CQSQ! ~ (^AW + CAB) sina
— //^Y i /^f \ i in \ n \ ' (,-A.^o)(^AW i ^AB) cosa -f \(^NW \ ^NB) sma

Cr

Appendix B: Cone Flow Coefficients

An analytical expression has been developed by Cheng5

for the pressure field around yawing cones. The cone sur-
face pressure is, in Cheng7s notation,

PCH = PCH +
r e /sinV _ _4\ _
LCOST \ 2 ~ ~ ~ 15/ ~

cos2r — cos2co f c

2cosr cr sinco

cos2r — cos2co cos2r + —

cr sir

i)]
4

(Bl)

(B2)

PCH = p/P-UJ sinV (B3)

PCH = p/pnUJ sinV (B4)

a = sina/sinr (B5)

a; = ^ _ (T/2) (B6)

e = (7 - D/(7 + D (B7)

K = [(7 + l)/(7 - l)](l/7Moo2 sinV) (B8)

If Eq. (Bl) is transferred into the notation of this paper
and if the sina is replaced with a, there is obtained

p/p = l + Aa cos<£ + (B + D cos2<£)a2 (B9)
where the coefficients Ap, Bp, and Dp are given by

2 , __ 4(7 - D (7 - D tan5c\ ^
tan5c

-r

BP

Dp

(y
(y

15(7 + 1) sin<5c cos<5c (7 + 1)

\PCH)

/ 3 9 W 1 \
\2tan25c 8sin26cApc^/

( l i 1 V M
- i ) ( i )+ 5 +

/,, _ i \ 2 r o tan25 ~I
\T + I/ [32 4 J

rx

(BIO)

(Bll)

(B12)

(B13)

PCH = 1 +

Similar expressions can be obtained for the circumferential
velocity at the surface of a yawed cone. To the first order
in angle of attack, this circumferential velocity is not in-
fluenced by the existence of a vortical layer on the cone
surface:

W = sin</>

23 sec2<5c . 1- 1\ + sin25,

(B14)

(B15)

Fig. 16 AW coefficient

The coefficients Ap, Bp, Dp, and Aw in Eqs. (B9) and
(B14) also can be evaluated from data tabulated in Refs.
9-11 and transferred to the body axes system following the
instructions of Ref. 12. The parameters on the right-hand
side of Eqs. (B16-B19) are tabulated in Refs. 10 and 11 and
are expressed in the notation of those reports:

Ap =

BP =

DP =
Aw = -z -

cot5c

(B16)

(BIT)
(B18)

= u(a*Ap/y u1 sin5c) (B19)

The coefficients given by Eqs. (B10-B15) with 7 = 1.405
have been used38 to aid in the extrapolation of the Stone-
Kopal second-order coefficients to higher Mach numbers.
The resulting Ap, Bp, Dp, and Aw coefficients are shown on
Figs. 6-8 and 16 for 7 = 1.405. Eqs. (B1Q-B15) provide
values of these coefficients at smaller values of 7.

When the Ap, Bp, Dp coefficients shown on Figs. 6-8 were
prepared, a smooth fairing was obtained from the Stone-
Kopal results38 into the Cheng hypersonic shock layer re-
sults.39 This was surprising and encouraging, because
Cheng 's analysis was carried through for small e, that is for
7 -> 1.0, and this fairing was made for 7 = 1.405. Calcu-
lated surface pressures were compared40 with available meas-
ured surface pressures, and the coefficients were evaluated
using an alternate theoretical approach.41 Later, a revision
to Ref. 5 was published. Ap, Bp, and Dp were recalculated
using the revised equation of Ref. 5. Ap and Dp did not
change, and Bp was reduced slightly over the ranges 10 <
Mm < 30 and 5° < 5C < 25°. More recently, a new form of
Cheng 's analysis has appeared in Ref. 8. Ap, Bp, and Dp
have been calculated again using Eq. (2.9) of Ref. 8 and re-
taining the e2K2 terms that previously had been neglected.
The PCH values for zero-yaw cone pressures given by either
the original or revised Ref. 5 agree well with Kopal-tabulated
cone pressures over the ranges 10 < M*, < 30 and 5° <
5C < 25°. The pen values given by the present interpreta-
tion of Eq. (2.9) of Ref. 8 do not agree with Kopal-tabulated
cone pressures over these ranges. Recalculated Ap and Dp
values are slightly higher than shown on Figs. 6 and 8
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YA*\ J-i + U
(to) = ~e \———(T=

Rs
RB [1 -

PTB

MA* =

=

2 + (7* -
- 1)

(03)

(C4)

(OS)

X

? +1
(27- - 7, -

JE + 1
(C6)

(C7)

whereas recalculated Bp values are lower than shown on Fig.
7.

Aw coefficients given by Eqs. (B15) and (B19) are shown
on Fig. 16. A similar set of faired Aw coefficients has been
presented by Sims.31

Appendix C: Blunt Body Starting Data

Among the several ways of starting method-of-characteris-
tics computations at the nose of a three-dimensional blunted
body are 1) the Anderson flow structure approximation19

using an effective gamma concept, 2) the Dorodnitsyn-
Belotserkovskii method of integral relations,13' 14 3) the
Gravalos step-by-step integration method,15 4) the Van
Dyke inverse procedure,16 5) the Ferri Vaglio-Laurin inverse
procedure,17 and 6) the sonic cone approximation.18 The
first method, which is called a flow-structure approximation,
has excellent stability of numerical computation, requires a
relatively small amount of digital computer time, and in-
cludes first-order effects of dissociation of air.

Major simplifying assumptions of the flow structure ap-
proximation are as follows:

1) The body is blunted with a segment of a sphere to the
starting line or slightly past the body sonic point.

2) Up to the starting line, the bow shock sheet is approxi-
mated by a hyperboloid of revolution which has a radius-of-
curvature on the body centerline which is equal to the body
radius-of-curvature plus the shock stand-off distance.

3) The effective gamma JE parameter19 of Fig. 17 is used
to correlate earlier real equilibrium air computations and to
obtain fluid-dynamic properties to start the method of char-
acteristics computation along a starting line that extends
from the body to the shock and is perpendicular to the body as
shown by Fig. 18.

4) The density ratio e is related to the effective gamma
JE by definition in Eq. (Cl).

5) The bow shock stand-off distance is obtained from the
density ratio e by a formula developed in Ref. 20 and com-
monly called the Li and Geiger stand-off distance.

6) The body surface pressure follows a modified New-
tonian variation with sin20 up to the starting line.

Primary Computation

Input data: M00,7=0, p«» MB, RB, JE, b.
Output data: x, r, p, 0, PT are obtained by computing

(Cl)

_
Rs

- I)]1/2

(1 + tan2(9B) - M«2

A/.KB = (rN/Rs)(Rs/RB)(l/cos6B) - 1

x = ^{l- [l + (A/EB)6]sin^}

r = RB{1 + (^/RB}b}Gos6B

1 1
Moo2 - 1 (rN/RsY

PN 27c» . 27oo — 7 :̂ — 1

(08)

(09)

(CIO)

(Oil)

(C12)

(r.-i s\
+ 1

= P. {(1 ~ + — -

(014)

e = 0B(i - fc) + fc x
tan~M —————

V_
V,

+

tan/3 = (1 - 6) tan0B + 6

(1 - e)2

- 1) 1] -

(C15)

(C16)

2e

[e2 + (1 - e2) cos2/5]1/2 (C17)

2_ (F2/y a)]| (CIS)

(C19)

Detailed derivation and discussion of Eqs. (C1-C19)
are presented by Anderson.19 When adjustments are made
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to satisfy conservation requirements and boundary conditions
more precisely, the results are called a flow-structure refine-
ment to distinguish them from the foregoing flow-structure
approximation.

Follow-On Computation

Input data: x, r, p, 6, pT at (N + 1) points along the
starting line and HT.

Output data: x, r, p, d, (S/R), h, T, Py V, a, p, at (N + 1)
points along the starting line.

Step 1: (S/R) is obtained from the given (pTj hT) pair
using an equilibrium air subroutine.

Step 2: The state properties h} T, and p are obtained
from the given (p, S/R) pair using this same equilibrium air
properties subroutine.

Step 3: The flow properties a, V, and /JL are obtained from
the given (p, T, h, HT) values using an auxiliary air properties
subroutine.
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Nonequilibrium Flow Past a Wedge

R. CAPIATJX* AND M. WASHINGTON*
Lockheed Missiles and Space Company, Polo Alto, Calif.

An exact numerical solution is obtained for the chemically reacting flow past a wedge. The
freestream is either in equilibrium or out of equilibrium but nonreacting. The attached
shock wave is shown to be either concave, convex, or straight, depending on the values of the
amount of dissociation in the freestream and a parameter describing the amount of energy
contained in the freestream relative to the gas dissociation energy. Numerical examples are
presented illustrating these regimes. The flow field is characterized by the presence of an en-
tropy layer and a relaxation layer, both easily identifiable in the presentation of the numerical
results.

Introduction

THE equations of motion of a compressible inviscid fluid
undergoing chemical reactions and internal relaxation

effects have been derived by Wood and Kirkwood.1 In par-
ticular, the authors transform the one-dimensional unsteady
flow into a characteristic form and find that the "frozen"
speed of sound plays a role analogous to the sound velocity
in the case of a nonreactive fluid. Chu2 arrives at the same
conclusion and obtains the characteristic equation for steady
two-dimensional and axially symmetric flows.

One of the important differences between a chemically
reacting gas flow and a nonreacting or equilibrium flow con-
sists in an entropy production appearing in the energy equa-
tion. The entropy production term is a direct result of reac-
tions in the flow field which are thermodynamically irreversible
processes.

As Clarke3 points out, the entropy production is not con-
fined to the interior of boundary layers or shock waves be-
cause it is not associated with a transport phenomenon. Its
influence therefore can spread over the entire flow field and
will not depend explicitly on the gradients of velocity, tem-
perature, and concentration.

In the present paper, a numerical solution is obtained for
the chemically reacting, steady, two-dimensional flow past
a wedge. This solution is the counterpart of Sedney's solu-
tion,4 which treats the case of the flow of a vibrationally re-
laxing gas past a wedge. Viscosity, thermal conduction, and
diffusion have been neglected purposely to emphasize the
forementioned effects. A simple body configuration is se-
lected in order to allow a direct comparison of the results with
the simple results associated with a nonreacting fluid. The
analysis is applied to a pure diatomic gas, such as oxygen or
nitrogen, which obeys the model proposed by Lighthill5 in its
equilibrium dissociated state. The chemistry rate is de-
scribed appropriately by a somewhat simplified but accurate
rate equation introduced by Freeman.6 The undisturbed
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fluid is allowed to assume either an equilibrium dissociated
state or a nonreacting frozen state. Thus, the degree of
dissociation of the freestream determines whether the flow in
the wake of the leading shock will undergo a dissociation or
recombination process.

The solution previously presented by Vincenti7 neglects, as
a consequence of the linearization assumption, the entropy
production term; the flow therefore remains irrotational.
In this presentation, the introduction of a streamline oriented
coordinate system allows naturally for the accounting of the
dissociation and recombination processes and the entropy
increase associated with them. The equations of motion
then are solved numerically by the method of characteristics.

Two-Dimensional Steady Flow: General Equations

The equations of motion will be derived in this section for
a general, diatomic, reacting gas. Specialization to a par-
ticular equation of state and rate equation will be introduced
in a later section. The geometry of the problem is presented
in Fig. 1.

For the case of the two-dimensional flow in Cartesian co-
ordinates, the equations of continuity and of momentum can
be written as follows:

(i)
(2)

(3)

Here p is the mixture density, p the pressure, and u and v
components of the velocity vector V on the x and y axes,
respectively.

The energy equation can be written in several equivalent
forms. If h is the enthalpy (including the chemical bond
energy), t is the time, and D/Dt designates the convective
derivative, the following relations hold :

P(Dh/Dt) - (Dp/Dt) = 0 (4)

(D/Dt)[h + (72/2)] - (1/p) (dp/50 = 0 (5)

For the assumed nonequilibrium situation, the continuity

= o
u&u/bx) + v&u/by) = -l/p&p/bx)

u&vfrx) + v(


